The Casimir pressure is investigated in three-layer systems where the intervening stratum possesses magnetic properties. This subject is gaining in importance in connection with ferrofluids and their use in various microelectromechanical devices. We present general formalism of the Lifshitz theory adapted to the case of ferrofluid sandwiched between two dielectric walls. The Casimir pressure is computed for the cases of kerosene-and water-based ferrofluids containing a 5% fraction of magnetite nanoparticles with different diameters between silica glass walls. For this purpose, we have found the dielectric permittivities of magnetite and kerosene along the imaginary frequency axis employing the available optical data and used the familiar dielectric properties of silica glass and water, as well as the magnetic properties of magnetite. We have also computed the relative difference in the magnitudes of the Casimir pressure which arises on addition of magnetite nanoparticles to pure carrier liquids. It is shown that for nanoparticles of 20 nm diameter at 2 micrometer separation between the walls this relative difference exceeds 140% and 25% for kerosene-and water-based ferrofluids, respectively. An interesting effect is found that at a fixed separation between the walls an addition of magnetite nanoparticles with some definite diameter makes no impact on the Casimir pressure. The physical explanation for this effect is provided.
I. INTRODUCTION
It has long been known that with decreasing distance between two adjacent surfaces the van der Waals [1] and Casimir [2] forces come into play which are caused by the zero-point and thermal fluctuations of the electromagnetic field. These forces are of common nature.
In fact, the van der Waals force is a special case of the Casimir force when the separation distance reduces to below a few nanometers, where the effects of relativistic retardation are negligibly small. The theory of the van der Waals and Casimir forces was developed by E. M. Lifshitz and his collaborators [3, 4] . In the framework of this theory, the force value is expressed via the frequency-dependent dielectric permittivities and magnetic permeabilities of the boundary surfaces. For ordinary, nonmagnetic, surfaces the Casimir force through a vacuum gap is always attractive. If, however, the gap is filled with a liquid, the Casimir force may be repulsive if the dielectric permittivities of the boundary surfaces and of a liquid satisfy some condition [3, 4] . This is the case of a three-layer system which suggests a wide variety of different options.
By now many measurements of the Casimir force acting through a vacuum gap have been performed between both nonmagnetic (see Refs. [2, 5, 6] for a review) and magnetic [7] [8] [9] [10] materials. The attractive and repulsive forces in the three-layer systems involving a liquid stratum were measured as well [11] [12] [13] . The obtained results have been used to devise various micro-and nanodevices actuated by the Casimir force [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . All of them, however, exploit the Casimir force through a vacuum gap for their functionality. At the same time, the so-called magnetic (or ferro) fluids [25] , which consist of some carrier liquid and the magnetic nanoparticles coated with a surfactant to prevent their agglomeration, find expanding applications in the mechanical engineering, electronic devices, optical modulators and switchers, optoelectronic communications, biosensors, medical technologies etc. (see Ref. [26] for a review and, e.g., Refs. [27] [28] [29] [30] ). Among them, from the viewpoint of Casimir effect, the applications of greatest interest are to micromechanical sensors [31] , microfluidics [32, 33] and microrobotics [34] , where ferrofluids may be confined between two closely spaced surfaces, forming the three-layer system. Note, however, that the Casimir force in systems of this kind, having a magnetic intervening stratum, was not investigated so far.
In this paper, we consider an impact of magnetic nanoparticles on the Casimir pressure in three-layer systems, where the magnetic fluid is confined in between two glass plates. The cases of kerosene-and water-based ferrofluids are treated which form a colloidal suspension with magnetite nanoparticles of some diameter d. The Casimir pressure in the three-layer systems with a magnetic intervening stratum is calculated in the framework of the Lifshitz theory [2] [3] [4] . For this purpose, we find the dielectric permittivity of kerosene and both the dielectric and magnetic characteristics of magnetite and ferrofluids at the pure imaginary Matsubara frequencies.
The computational results are presented for both the magnitude of the Casimir pressure through a ferrofluid and for the impact of magnetic nanoparticles on the Casimir pressure through a nonmagnetic fluid. These results are shown as function of separation distance between the plates and of a nanoparticle diameter. The effect of the conductivity of magnetite at low frequencies on the results obtained is discussed. We show that the presence of magnetic nanoparticles in the intervening liquid makes a significant impact on the magnitude of the Casimir pressure. Thus, for the 5% fraction of magnetic nanoparticles with 20 nm diameter in a kerosene-based ferrofluid, at 2 µm separation between the walls, this impact exceeds 140%. For a water-based ferrofluid under the same conditions the presence of magnetic nanoparticles enhances the magnitude of the Casimir pressure by 25%. Another important result is that at a fixed separation the presence of magnetic nanoparticles of some definite diameter makes no impact on the Casimir pressure. The physical reasons for this conclusion are elucidated.
The paper organized as follows. In Sec. II, we present the formalism of the Lifschitz theory adapted for a three-layer system with magnetic intervening stratum. We also find the dielectric permittivity and magnetic permeability of magnetite along the imaginary frequency axis and include necessary information regarding the dielectric permittivity of a colloidal suspension. Section III contains evaluation of the dielectric permittivity of kerosene and kerosene-based ferrofluids along the imaginary frequency axis. Here we calculate the Casimir pressure in such ferrofluids and investigate the role of magnetite nanoparticles in the obtained results. In Sec. IV the same is done for the case of water-based ferrofluids. In Sec. V the reader will find our conclusions and a discussion.
We consider the three-layer system consisting of two parallel nonmagnetic dielectric walls described by the frequency-dependent dielectric permittivity ε(ω) and separated by the gap of width a. The gap is filled with a ferrofluid having the dielectric permittivity ε ff (ω) and magnetic permeability µ ff (ω). The thickness of the walls is taken to be sufficiently large in order they could be considered as semispaces. This is the case for the dielectric walls with more than 2 µm thickness [35] . Then, assuming that our system is in thermal equilibrium with the environment at temperature T , the Casimir pressure between the walls can be calculated by the Lifshitz formula [2-4]
Here, k B is the Boltzmann constant, ξ l = 2πk B T l/ , where l = 0, 1, 2, . . . , are the Matsubara frequencies, the prime on the summation sign in l divides the term with l = 0 by 2, k ⊥ is the magnitude of the wave vector projection on the plane of walls, and
The reflection coefficients r α (iξ l , k ⊥ ) in our three-layer system are defined for two independent polarizations of the electromagnetic field, transverse magnetic (α = TM) and transverse electric (α = TE). They are given by [2]
where we have introduced the standard notation
As is seen from Eqs.
(1)-(4), calculation of the Casimir pressure in the three-layer system is straightforward if one knows the dielectric and magnetic properties of all layers described by the functions ε(iξ l ), ε ff (iξ l ) and µ ff (iξ l ). The dielectric permittivity ε(iξ) of a silica glass, considered in the next sections as the material of walls, has been much studied [2, 36] . It is shown by the bottom line in Fig. 1 as the function of ξ. Specifically, at zero frequency one has ε(0) = 3.801. The ferrofluid is a binary mixture of nanoparticles plus a carrier liquid.
Here, we consider the dielectric and magnetic properties of magnetite Fe 3 O 4 nanoparticles which make an intervening liquid stratum magnetic.
The real and imaginary parts of the dielectric permittivity of magnetite ε m (ω) have been measured in a Ref. [37] in the frequency region from Ω 1 = 2 × 10 14 rad/s to Ω 2 = 1.8 × 10 16 rad/s (i.e., from Ω 1 = 0.13 eV to Ω 2 = 12 eV). We have extrapolated the measurement results of Ref. [37] for Imε m (ω) to the region of lower frequencies ω < Ω 1 by using the imaginary part of the Debye permittivity
The values of two parameters C D = 24.02 and ω D = 2.05 × 10 14 rad/s were determined from the condition of smooth joining between the measured data and the Debye extrapolation.
An extrapolation to the region of higher frequencies ω > Ω 2 was done by means of the standard theoretical dependence
where the experimental data at high frequencies lead to C = 1.58. Now we substitute Eqs. (5) and (6) in the right-hand side of the Kramers-Kronig relation
[2] and obtain
where
and Imε m (ω) in I 2 (ξ) is given by the measurement data of Ref. [37] .
Note that in the limiting case ξ/Ω 2 ≪ 1 one has
and, thus, I 3 (0) = C/3 ≈ 0.53. This is much smaller than
and, as it follows from numerical computations, than I 2 (0) ≈ 25.07. In such a manner the region of high real frequencies gives only a minor contribution to ε m (0) = 29.0.
Using Eqs. (7) and (8) To obtain the dielectric permittivity of the ferrofluid, ε ff , one should combine the dielectric permittivity of a carrier liquid, ε c , with the dielectric permittivity of magnetic nanoparticles, ε m , taking into account the volume fraction of the latter Φ in the ferrofluid. The permittivity ε c is discussed in Secs. III and IV for different carrier liquids. As to the combination law, for the case of spherical nanoparticles it is given by the Rayleigh mixing formula [39] used
Note that Eq. (11) is derived under a condition that the nanoparticles diameter is
where λ is the characteristic wavelength. In the region of separations a 200 nm considered below the contributing frequencies are ξ 10 16 rad/s which correspond to the wavelengths λ 180 nm. Thus, for nanoparticles with d < 20 nm diameter the above condition is largely satisfied. As mentioned in Sec. I, magnetic nanoparticles may be coated with some surfactant to prevent their agglomeration. Below we assume that the dielectric function of a surfactant is close to that of a carrier liquid so that ferrofluid can be considered as a mixture of two substances.
Now we consider the magnetic permeability of a ferrofluid µ ff (iξ l ). First of all it should be stressed that the magnetic properties influence the Casimir force only through the zerofrequency term of the Lifshitz formula [40] . This is because at room temperature the magnetic permeability turns into unity at much smaller frequencies than the first Matsubara frequency. Thus, the quantity of our interest is
where the initial susceptibility of a paramagnetic (superparamagnetic) system is given by
its magnetic moment, and M S is the saturation magnetization per unit volume.
It was found that for nanoparticles M S takes a smaller value than for a bulk material.
Thus, for a bulk magnetite M S ≈ 460 emu/cm 3 = 4.6 × 10 5 A/m [42] , whereas for a single magnetite nanoparticle M S ≈ 300 emu/cm 3 = 3 × 10 5 A/m [43] . Substituting Eq. (13) in Eq. (12), we arrive at
From this equation with the volume fraction of nanoparticles Φ = 0.05 one finds µ ff (0) ≈ 1.24 and 2.9 for magnetite nanoparticles with d = 10 and 20 nm diameter, respectively. These results do not depend on the type of carrier liquid.
III. IMPACT OF MAGNETITE NANOPARTICLES ON THE CASIMIR PRESSURE IN KEROSENE-BASED INTERLAYER
Kerosene is often used as a carrier liquid in ferrofluids [44, 45] . By now the dielectric properties of kerosene are not sufficiently investigated. We have applied the measurement data for the imaginary part of the dielectric permittivity of kerosene in the microwave [44] and infrared [46] regions and the Kramers-Kronig relation to obtain the Ninham-Parsegian representation for this dielectric permittivity along the imaginary frequency axis
Here, the second term on the right-hand side describes the contribution to the dielectric permittivity from the orientation of permanent dipoles in polar liquids. The value of B = 0.020 and 1/τ = 8.0 × 10 8 rad/s were determined from the measurement data of Ref. [44] in the microwave region. The third term on the right-hand side of Eq. (15) describes the effect of ionic polarization. The respective constants C IR = 0.007 and ω IR = 2.14 × 10 14 rad/s were found using the infrared optical data [46] . Taking into account that for kerosene the optical data in the ultraviolet region are missing, the parameters of the last, fourth, term on the right-hand side of Eq. (15) have been determined following the approach of Ref. [36] with regard to the known value of the dielectric permittivity of zero-frequency ε c (0) = 1.8 [44] . As a result, the values of C UV = 0.773 and ω UV = 1.0 × 10 16 rad/s were obtained. Numerical computations of the Casimir pressure are performed most conveniently by using the dimensionless variables
In terms of these variables Eq.
(1) takes the form
, where ε ff,l = ε ff (iω cr ζ l ), µ ff,l = µ ff (iω cr ζ l ) and the reflection coefficients (3) are given by
with a similar notation for ε l = ε(iω cr ζ l ).
The magnitude of the Casimir pressure between two SiO 2 walls through the kerosenebased ferrofluid was computed by using Eqs. (17) and (18) It is interesting to determine the relative impact of magnetite nanoparticles on the magnitude of the Casimir pressure in a three-layer system. For this purpose we have computed the quantity
where |P ker | is the magnitude of the Casimir pressure between two SiO 2 walls through a pure kerosene stratum with no nanoparticles. The computational results for the quantity δ|P | are shown in The obtained results can be qualitatively explained by the fact that for magnetic materials with µ > 1 the magnitude of the Casimir pressure is always larger, as compared to materials with µ = 1. On the other hand, the presence of magnetite nanoparticles in kerosene influences on its dielectric permittivity in such a way that the magnitude of the Casimir pressure decreases. These two tendencies act in the opposite directions and may nullify an impact of magnetic nanoparticles with some definite diameter on the Casimir pressure.
IV. THE CASE OF WATER-BASED INTERLAYER
In this section we consider the Casimir pressure in the three-layer system where an interlayer is formed by the water-based ferrofluid. Water is of frequent use as a carrier liquid (see, e.g., Refs. [57] [58] [59] ). The dielectric permittivity of water along the imaginary frequency axis is well described in the oscillator representation [60] ε c (iξ Using the dielectric permittivity ε c of water (20) The magnitude of the Casimir pressure between two SiO 2 walls through the water-based ferrofluid was computed similar to Sec. III by using Eqs. (17) and (18) These permittivities have been combined with the permittivity of magnetite nanoparticles by using the Rayleigh mixing formula to obtain the dielectric permittivities of ferrofluids with 5% concentration of nanoparticles.
The Casimir pressure was computed for the three-layer systems consisting of two parallel SiO 2 walls with an intervening stratum of either kerosene-or water-based ferrofluid as a function of separation between the walls. We have also computed the relative difference in the magnitudes of the Casimir pressure on addition of the 5% fraction of magnetic nanoparticles to the pure kerosene and water as a function of separation and nanoparticle diameter. It was shown that this relative difference is rather large and should be taking into account. As an example, for kerosene-and water-based ferrofluids with nanoparticles of 20 nm diameter sandwiched between two SiO 2 walls 2 µm apart, the relative change in the magnitude of the Casimir pressure exceeds 140% and 25%, respectively.
All computations have been performed in the framework of two theoretical approaches to the Casimir force developed in the literature during the last twenty years and used for comparison between experiment and theory. It turned out that both of these approaches lead to fairly close predictions for the magnitudes of the Casimir pressure in three-layer systems through a ferrofluid interlayer. In doing so, theoretical predictions for the relative change in the magnitude of the Casimir pressure on addition of magnetic nanoparticles to a carrier liquid is more sensitive to the approach used and may vary in the limits of several percent.
An interesting effect found for the three-layer systems with a ferrofluid intervening stratum is that at fixed separation between the walls an addition of magnetite nanoparticles with some definite diameter to a carrier liquid makes no impact on the Casimir pressure between SiO 2 walls. The respective diameters are found for both kerosene-and water-based ferrofluids. The quantitative physical explanation for this effect is provided.
In conclusion, it may be said that the above results open opportunities for precise control of the Casimir force in the three-layer systems with a magnetic intervening stratum, which may be used in the next generation of ferrofluid-based microdevices.
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